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a6pqjmso_6]soxµ¢¥\4^E_bsor4qsso_ pPm _ p*r soxPxqknmt¨uFq]_ﬁ_Rk1m¢vxPpknmsoqÂmot¥xPp°j_{ xpjt¥mtvxPpk qj´
¢vtv^Et¥m_Rk]]soxstvr _Rk ±
¬Hp/_¸S_mkntHtv¢H_´jt¨k1mo_
j_
px^µ]so_ qk_4k-]]soxjoZ]_Rk evRŁl»·gQj»·4j»Hgh³»«¢v"xPpk1mosqÂmtvxp j_xPpjt¥mtvxpkUqj´¢vt¥^
t¥m_Rk
µknxPsµpPmo_4k(]pk(¢v_ Pjs_*j_*¢¨~¢vtvp]r4st¨kmtvxpq]mxqs«ª qp r4 xq]¢v_ ^
_ pFmp]xp q]p]t¥­¯xso^
_°so_4knm_°qp ]soxµ]¢v\ ^
_
mq]_4¢ e ﬀh ±&º%_4k(moso¡;qj´ ]sor4k_ pPmor4k]pk_so]Axsmxpjq]tvk_ pFms¢Wª t¥pFm_4s^
r4]tvt¥so_*]_4krRuFq;mot¥xPpkKª ¬Hq¢¥_4s
¢vt¥p]rRsotvkr _Rk{©¢Wª r ¢¨µxPsomtvxp«ª q]pxPAr s;mo_ q]sd]_E]soxP;mot¥xp]sor4 tvkd_m-soxµqk1mo_qjmot¥¢vtvkoµ¢¥_E_4pr xP^
rmsotv_xP^E¦
]¢v_´j_-_m6Axq]s6j_Rk[r4 xq]¢v_ ^
_4pPmok[AxPsnmo_ q]skq]p]t¥­¯xso^
_4k[xqp]xPpK±]`6xPqkﬁ¡xpk[P]]mr»]]pkﬁ_-µqjm4»]qp]_-p]xPq]¡_ ¢v¢v_
^
rmoZ]xjj_j_Um1il_E£-¢v_ so¤lt¥p]¦³jt¨k xpFmtvpFq
P1
±A`6xPqkb¡xpkﬁqjmotv¢¥t¨knrq]p]_(­¯xso^q]¢¨;mtvxp_ pFmsor _(Axq]s{]]sx]oZ]_4sﬁ¢v_4k
tvpPmr4s¢v_4kO_ p
knqsn­²P_ _ m&qpEkooZ]r4^{]_ m1il_ﬁkoqjmo_¦³^ExPqjmxPp_ pmo_ ^
k4±`6xPqk&¡xpk]r ^
xpPmosor ¢ ª _´jt¨k1mo_ p_[Kª q]p_
xPpjt¥mtvxp kq°kpPm_
j_k1mµ]tv¢vt®mor
kq]s-^
tv¢¥¢¨P_uFq]_4¢v xpuFq]_
]pk{¢v_
4jso_Ej_Rkdr4uFqmtvxpk-«ª ¬Hq]¢v_ sU¢vt¥p]rRsotvkr _Rk
q]mxqs«ª q]p rRxPq]¢¥_4^E_4pPmqp]t®­¯xPs^
_*_ p j_ qj´_mmsoxt¨kjtv^
_ pkt¥xPpk«ª _4k _±wOxPq]s	mso_*]¢vqk]sor4 tvk4»Os
_*©
¢ ª r4¢vµAxs;mtvxpEj_bxpjt®mot¥xPpk·qj´¢vtv^Et¥m_Rk·µkxsoµpFm_4k&_m·sor¶r4Z]tvkokopPmo_4k4»;p]xqk·¡xpk&^
xPpPmsorﬁ¢Wª _´jt¨k1mo_ p _ﬁKª q]p_
r p_ sotv_-iPpPmﬁ¢¨EsxP]stvrmor-kq]sﬁ^tv¢v¢v_dpxp"knmsoqmq]sor-_mb]pk[¢v_( Pkﬁj_U¢v
¢¥tvp]r4st¨ko;mtvxpq]mxqsﬁKª q]p~r4xPqj¦
¢v_ ^
_ pFmEqp]t®­¯xPs^
_P»&knxPqkqp]_ xpjt¥mtvxp j_m§ilA_z¹ºN»&]_kn_ xpk_ so¡_ skt¢v_jx^t¥p]_p]_"x^
AxPsnmo_*kEj_
sxPtvkdµkxsoµpFm_4k4»xq kntvp]xPpj_
jrRsox¨mso_©oZPuFq]_t¥mr s;motvxpm_4^EAxPs_4¢¥¢v_Wkoknq]spFmdt¥pknt&¢vk1mµ]tv¢vt®mor ± {_
]¢vqk4»F]pkN¢¥_{ PkNj_b¢v(¢¥tvp]r4st¨ko;mtvxpq]mxqsN«ª q]p°rRxq¢¥_4^E_4pPm p]xp°q]p]t¥­¯xso^E_P»PsN¢v_6µtvtvkN]_6¢¨(kil^Er msot¨kmtvxp
j_Rkbr4uFq;mot¥xPpkb«ª ¬Hq]¢v_ s4e ﬀh³»p]xqk6AxFkkr4jxPpkﬁqp]__4knmtv^;mot¥xPpj__ mnmo_r p]_4sPt¥_jr4A_ p]pPmd]_¢v°sr4q]¢¨sot®mor(j_
¢ ª rRxq¢¥_4^E_4pPmR±`6xPqkbR¡xPpkﬁ]q~xµk_ so¡_ sﬁ¢v_(µAxpxP^
xPsnmo_ ^
_ pFmbj_(pxmso_(kooZr ^
Axqsbj_Rkbxpq]s;mot¥xPpkﬁj_
r4x^
rmostv__mN«ª r4xPq]¢v_ ^
_ pPm·]¢vqkHxqE^
xtvpkHxP^E¢¥_ ´l_Rk ±`bxqk&tv¢¥¢vqknmso_ soxpk& _4k&sor4kq]¢®m;mk&kq]sH]¢vqkntv_ qsokH PkOmo_4knmok4±
 
ﬃ4*ﬁﬀﬃ #%-ﬃ  	ﬁ#9ﬁ)'*Uﬃ# 	/.102'ﬁﬀ
º%_4kErRuPq;mtvxPpkEj_"¢Wª r4sxFxqknmt¨uFq]_*]sox;¡Ftv_ pp]_ pPmj_"¢¨¢vtvp]r4st¨kmtvxp j_4k
r4uFq;mot¥xPpkEKª ¬Hq¢¥_4s8?" qjmxPq]s
«ª q]p"r4 xq]¢v_ ^
_ pFm6knmomtvxp]pt¥so_±]`6xqk[so]A_ ¢vxpk[uFqKª _4p\?  ¢v_4kﬁr4uFq;mot¥xPpkﬁ«ª ¬·q]¢¥_4sbk ª r4 stv¡_ pFm
∂t


ρ
ρu
ρv
ρw
e

+ ∂x


ρu
ρu2 + p
ρuv
ρuw
(e+ p)u

+ ∂y


ρv
ρuv
ρv2 + p
ρvw
(e+ p)v

+ ∂z


ρw
ρuw
ρvw
ρw2 + p
(e+ p)w

 = 0,
1
x
ρ
» ~V =
t
(u, v, w)
»
e
_ m
p
xsos_RknAxpj_ pPm6s_RknA_RÂmot¥¡_4^E_4pPm{©
¢¨
^kokn_U¡xP¢¥q]^
t¨uFq]_»©
¢¨
¡lt¥m_Rkk_(jq"¶q]t¨j_P»©
¢ ª r4p]_ sotv_&¡xP¢¥q^Et¨uFq]_H_ mO©[¢¨[]so_4kokntvxp%±`bxqk%knq]AxPk_ soxpkS¢¨[¢vxtPj_4kKP&sn­²t®mk«¡r sotr _4k4»
p = (γ−1)(e− 1
2
ρV 2)
±
 	ﬀﬁﬃﬂ "!#ﬀ$%"&ﬀ('ﬁ)*+&'*,!.-0/1*,ﬁ2ﬂ 34'5*,67 897:ﬁ&;*<ﬁ,ﬀ=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z xpknt¨jr soxpk[q]prRxq¢¥_4^E_4pPm{q]p]t¥­¯xso^E_ smr4st¨knr-s
(
ρ0,
−→
V 0, p0
)
»qp]_(A_ mt¥m__4snmoq]soµ;mot¥xPp~j__Z^E
r4sx]jilp^
tvuFq]_- smr4st¨knr{s
(
δρ, δ
−→
V , δp
)
¡r sot_-]so\4k¢vt¥pr4sot¨kmtvxp¢¥_(knijknm\ ^
_U«ª r4uFqmtvxpkA
∂t ~W + Ax∂x ~W + Ay∂y ~W + Az∂z ~W = ~0,
  
oporq1stu2v2u
Q   )ﬁ2->06K+ + ﬁ2-/
x ~W
_4knm"jxpp]rs ~W =
t
(δp − c20δρ,
t
ρ0c0δ
−→
V , δp)
»
c0
 xsos_RknAxp © ¢¨ r ¢vr sot¥mr j_¢ ª r4xPq]¢v_ ^
_ pFm
c20 = γp0/ρ0
_ m6¢¥_Rk[^;most¨_Rk[kil^Er msotvuFq]_Rk[ xpknmopPmo_4k
Ax
»
Ay
»]_ m
Az
knxPpPm6jxPp]p]r _Rk[s
Ax=


u0 0 0 0 0
0 u0 0 0 c0
0 0 u0 0 0
0 0 0 u0 0
0 c0 0 0 u0

,Ay=


v0 0 0 0 0
0 v0 0 0 0
0 0 v0 0 c0
0 0 0 v0 0
0 0 c0 0 v0

,Az=


w0 0 0 0 0
0 w0 0 0 0
0 0 w0 0 0
0 0 0 w0 c0
0 0 0 c0 w0

.
J?"
{pkU _4jso_
j_¢¨¢¥tvp]rRsotvko;mot¥xPpj_Rk-rRuFq;mot¥xPpk-Kª ¬·q]¢¥_4sqjmoxq]s(«ª q]p/r4 xq]¢v_ ^
_4pPm(q]p]t¥­¯xso^E_P»«¢ ª r p]_4sPt¥_r¦
sxFxPqk1motvuFq]_ E jr p]t¥_-s E = 1
2
‖ ~W‖2 ¡r4st _{¢ ª rRuFq;mot¥xPp ∂tE + jtv¡ ~F = 0 »j¢¥_{¶q]´*«ª r p]_4sPt¥_ ~F r mopFmﬁjxpp]r
s
~F = 1
2


t ~WAx ~W
t ~WAy ~W
t ~WAz ~W

 .
|6tvpknt »]¢ ª r4p]_ sotv_-r soxPxqknmt¨uFq]_{_Rk1mbxPpkn_4s¡r4_±
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{pk[¢v_U Pjs_d¢¥qk6xP^E¢¥_ ´l_Uj_-¢¨E¢¥tvp]rRsotvko;mot¥xPpqjmoxq]s6«ª q]prRxq¢¥_4^E_4pPmﬁp]xPpq]p]t¥­¯xso^E_(knxP¢¥qjmot¥xPpj_Rk[r4uFq¦
mtvxpk6«ª ¬·q]¢¥_4sb soPÂmr4st¨knr{s
(
ρ0,
−→
V 0, p0
)
»]¢Wª r4uFqmtvxp 1 p]xPqk[A_ so^
_mb«ª xPµjm_4p]tvsﬁ¢v_Ukijk1mo\ ^
_Uknq]tv¡;pPm
∂t ~W + ∂x
(
A0x
~W
)
+ ∂y
(
A0y
~W
)
+ ∂z
(
A0z
~W
)
= 0,
¯ 
x¢¥_Rk[^;mosotv _4k
A0x
»
A0y
_m
A0z
p]xp" xpknmopPmo_4k[_ p"_4k_-_m6¢v_-¡_RÂmo_ q]s ~W
kxpFm6jxPp]p]r4kﬁs
~W =


δρ
ρ0δu+ u0δρ
ρ0δv + v0δρ
ρ0δw + w0δρ
δp/γ˜ + ρ0 (u0δu+ v0δv + w0δw) +
1
2
V 20 δρ

 , γ˜ = γ − 1
(~ex, ~ey, ~ez) 
z j_
R3
α0 =
c2
0
γ˜
+
V 2
0
2
β0 =
(
γ
2
− 1)V 20 − c20γ˜


A0x =


0 t~ex 0
γ˜
2
V 20 ~ex − u0
−→
V 0 u0I3 − γ˜~ex
t−→
V 0 +
−→
V 0
t~ex γ˜~ex
β0u0 α0
t~ex − γ˜u0
t−→
V 0 γu0


A0y =


0 t~ey 0
γ˜
2
V 20 ~ey − v0
−→
V 0 v0I3 − γ˜~ey
t−→
V 0 +
−→
V 0
t~ey γ˜~ey
β0v0 α0
t~ey − γ˜v0
t−→
V 0 γv0


A0z =


0 t~ez 0
γ˜
2
V 20 ~ez − w0
−→
V 0 w0I3 − γ˜~ez
t−→
V 0 +
−→
V 0
t~ez γ˜~ez
β0w0 α0
t~ez − γ˜w0
t−→
V 0 γw0


WŁ"
c~¢vZ]_ q]so_ qkn_4^E_4pPm4»Ap]xPqk{¡xpk6A_4sojq¢v*]sxP]stvrmorj_EkiF^
r msot¥_j_Rkb^;most¨_Rk{uPq_p]xPqk{¡Ftvxpk6Axq]s{¢v_Eknijkn¦
m\ ^
_   Â±|6]s_4^
^E_4pPmOtv¢PpKª _4knmO]xp·]¢¥qkOqkokntPktv^E¢¥_ j_·­²tvso_Nj_Nµ]t¥¢¨p(r p]_4sPrmotvuFq]_P± `bxqkO¢v¢vxpk%jr4^ExPpPmos_4s
uPq_d _ ¢¨_4knm[AxFkkt¥µ¢¥_{_4pqjmtv¢¥t¨kopPmﬁq]pZp]P_ ^
_ pFm[]_d¡;st¨µ]¢v_6mosoPjt®mot¥xPp]p]_4¢¥¢v_ ^
_ pFm[qjmtv¢¥t¨krdAxqs¢¨kil^Er msotvko;¦
mtvxp ]_4k-r4uFq;motvxpk-«ª ¬Hq]¢v_ sR±K¬Hp _ ¸A_ m4»%kntHp]xPqk- xpktv]r soxpk{¢v_
Zp_ ^
_4pPmUj_
¡sotvµ]¢¥_Rk{pk-¢¥_Rkdr4uFqmtvxpk
«ª ¬·q]¢¥_4s 1<
G : (Ui)1≤i≤5 =⇒
(
U˜i
)
1≤i≤5
=
(
−U5
ρi
+ γ + 1− ln
(
γ˜ρi
Uγ1
)
,
U2
ρi
,
U3
ρi
,
U4
ρi
,−U1
ρi
)
,
JQ"
¡_R
ρi = U5 − U
2
2 + U
2
3 + U
2
4
2U1
.
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 x^
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A00∂t
~V + ∂x
(
A˜0x
~V
)
+ ∂y
(
A˜0y
~V
)
+ ∂z
(
A˜0z
~V
)
= 0,
  
¡_4»
A00
~V = ~W, A˜0x = A
0
xA
0
0, A˜
0
y = A
0
yA
0
0, A˜
0
z = A
0
zA
0
0,

A00 =
ρ0
γ˜

 1
t ~V0 α0 − c20/γ
~V0
c2
0
γ
I3 + ~V0
t ~V0 α0 ~V0
α0 − c20/γ α0
t ~V0 α
2
0 − c40/ (γγ˜)

 ,
A˜0x = u0A
0
0 +
p0
γ˜

 0
t~ex u0
~ex ~ex
t ~V0 + ~V0
t~ex u0 ~V0 + α0~ex
u0 u0
t ~V0 + α0
t~ex 2α0u0

 ,
A˜0y = v0A
0
0 +
p0
γ˜

 0
t~ey v0
~ey ~ey
t ~V0 + ~V0
t~ey v0 ~V0 + α0~ey
v0 v0
t ~V0 + α0
t~ey 2α0v0

 ,
A˜0z = w0A
0
0 +
p0
γ˜

 0
t~ez w0
~ez ~ez
t ~V0 + ~V0
t~ez w0 ~V0 + α0~ez
w0 w0
t ~V0 + α0
t~ez 2α0w0

 .
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»
A˜0y
_m
A˜0z
knxPpPmEkil^
rmsot¨uPq_4kUmp]tvkEuPq_*¢v^msotv _
A˜00
_4knmEkil^
rmsot¨uPq_*jrp]tv_*AxFknt¥mtv¡_»
_4¢v/_´j]¢vtvuFq]_~¢ ª tvpPmor s m*j_ _mm_"­¯xPs^q¢vmtvxpK±N|6tvpktbkt6p]xqk°xPpktvjr4sxPpkE¢ ª r4p]_ sotv_~xPqknmt¨uPq_"]r p]tv_~s
E = 1
2
t ~WA00
−1 ~W = 1
2
t ~VA00
~V
»]_4¢¥¢v_-¡r4st _-¢Wª r4uFqmtvxp 
∂tE + ]t¥¡ ~F = S, ² 
x¢v_d¶qj´r p]_4sPrmotvuFq]_ ~F _ m6¢¥_-m_ so^
_Ukxq]s_ S kxpFm6jxpp]r4k[s
~F = 1
2


t ~WA00
−1
A0x
~W
t ~WA00
−1
A0y
~W
t ~WA00
−1
A0z
~W

 =


t ~VA˜0x
~V
t ~VA˜0y
~V
t ~VA˜0z
~V

 , S = −1
2
t ~V
[
∂x(A˜
0
x) + ∂y(A˜
0
y) + ∂z(A˜
0
z)
]
~V.
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q]p]t¥­¯xso^
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Ω
²jxPpPmH¢¨
­¯soxpPmot¥\4s_
∂Ω
_4knmH¢¨dsr qp]t¥xPpEj_Rk­¯soxpPmot¥\4s_Rk]Zlilkt¨uPq_4kHj_[¢ ª xµjy1_m
∂Ωphys
_ m·j_Rk­¯sxPpPmot¥\4s_Rk&smt tv_ ¢v¢v_4k
∂Ω∞
_ p
q]pp]x^µ]so_p]tjj_ AxP¢¥i\Rjso_4k ²Z q]p«ª _ qj´iPpFmOq]pp]x^µ]so_p]tjj_N­²P_Rk$±wOxPq]s&ZuFq]_ Ax¢vi\4jso_ Ti »;A_ ¢vr

¡xP¢¥q^E_dj_d xpPmosP¢¥_

xq
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_ ¢v¢vq]¢¥_
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Vi
xsoso_4kAxpknxPp°¡x¢vq]^
_±j`6xqk]A_ ¢v¢v_ soxpk·­²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 _4kN­²P_4k F s_ PsxPq]A_ pFm ¢¥_RkN­²P_4k
tvpPm_4sp_4k F int = F/∂Ω »¢v_4k·­²_Rk·]ZFijktvuFq]_Rk Fphys = F ⋂ ∂Ωphys _m ¢v_4kH­²P_4kNµkxsoµpPmo_4k Fabs = F ⋂ ∂Ω∞ ±
wOxPq]sdZPuPq_U­²P_tvpPmo_ sop]_
aik = Ti
⋂ Tk »Ap]xPqkbp]xm_ soxpk Sik ¢¨°^
_4kq]so_j_ aik _ m ~nik ¢¨°p]xso^¢v_(q]p]t¥motvso_*»
xsotv_ pPmor _ﬁj_ Ti ¡_ sk Tk ±ºK_4kH^  ^
_4k·jrp]t¥mtvxpk·kxpFmHrmo_ pjq_4k·q]´(­² _4k­¯soxpFmtv\ so_4k4»;¢Wª t¥pj_´¤ xsos_RknAxp¢vxsk
©~q]p]__4¢¥¢vq]¢v_ 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mtv¡_*_ p j_4Z]xsk(]q jxP^tvp]_±O¬·ppK»p]xqk(p]xmo_ soxpk Vi ¢Wª _ pkn_4^µ]¢¥_j_Rk(tvpjt¨_4kj_4k_4¢¥¢vq]¢v_4k
¡xt¨kt¥p]_Rkb©°¢v*_4¢¥¢vq]¢v_ Ti _ m Pi kxp~Ar4stv^
\mos_  Pi =
∑
k∈Vi
Sik
±A6]A_ ¢vxpkb¢v_srRknq]¢¥m;mbPr xP^Er msotvuFq]_kq]t¥¡pFm
AxqsﬁZPuPq_- _ ¢v¢¥q¢¥_ 
∑
k∈Vi
Sik~nik = 0
±
oporq1stu2v2u
   )ﬁ2->06K+ + ﬁ2-/
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_mm_(snmot¥_P»]p]xqkbknq]AxPk_ soxpkﬁuFq]_U¢v_4kﬁrRxPq]¢¥_4^
_ pPmkﬁqjmot¥¢vt¨knrRk6kxpFm6p]xp"qp]t®­¯xPs^
_Rk »]¢v_ kﬁq]p]t¥­¯xso^
_
kn_jr4]q]tvkopFm{¢¥xPsok[mso\4kbkntv^
]¢v_ ^
_ pFm{]_4k6sor4kq]¢¥mo;mk6uFq]_(p]xPqkb¢v¢vxpkﬁ_ ´jxFkn_4s4±`bxqk6p]xPqk6s_Rk1mos_4t¥pjsxPpk4»jAxq]s
¢¥tv^
t®mo_ sN¢v_bx]mN]_b ¢¨q]¢ »Pq4kHxPq
¢v_4k·^;most¨_4k
A0x
»
A0y
»
A0z
_ ´j]stv^
r _Rk·]pkWŁ"HknxPpPm xPpk1mpFm_4kHsN _ ¢v¢¥q]¢v_±
wOxqsoZuFq]_{_ ¢v¢vq]¢¥_ Ti »Fp]xPqkNp]xmo_ soxpk Aix
»
Aiy
»
Aiz
¢¥_Rk ]]sx´jtv^
mtvxpk·s_RknA_4mtv¡_4k j_{ _4kN^;most¨_Rk ±jz x^
^
_
p]p]xPprP»KAxPq]sZuFq]_*_4¢¥¢vq]¢v_°¢v_°¡_RÂmo_ q]sj_Rk(tvpxPp]pFq_4k ~Wi
_4knmt¨j_4pPmt r©~qp]_x^µ]tvptvkxp/¢vt¥pr4tvso_°j_Rk
¡_4Âmo_ q]sk·j_6µk_4kH¢¥xj4qj´
~ϕij , 1 ≤ j ≤ di _ m·pxqk·kq]]AxFkn_4sxPpk¢v_boZ^E°jt¨kxPpPmot¥plqqEpt¥¡_Rqj_6¢Wª tvpPm_4sn­²P_
_ pPmos_j_4qj´ _ ¢v¢¥q¢¥_Rk ±K¬Hp/^q]¢¥mtv]¢vtvpPm(¢ ª r4uFq;mot¥xPp ¯ {s-pKª t¥^
Axsm_
¢¨uFq]_4¢¥¢v_
j_Rkd­¯xpmtvxpkUj_µk_
~ϕ
»K_mU_4p
t¥pFmr PsopPm[mxPqjmb«ª µAxskq]s Ti q]tvkﬁsﬁsmtv_»jp]xPqk[xPµjm_4p]xpk
∫
Ti
~ϕ · ∂
~W
∂t
=
∫
Ti

 ∑
s∈{x,y,z}
t∂s~ϕ As

 ~W − ∫
∂Ti
~ϕ ·

 ∑
s∈{x,y,z}
nsAs ~W

 . 1P 
{pk[_ mnm_-r4uFqmtvxp n »lAxq]sﬁoZPuFq]_{tvpPmor Pso¢¥_dj_d¡xP¢¥q]^
_-knqs Ti »lp]xPqks_4^
]¢vxPpkN¢v_-Z^
 ~W s[kxp
]]soxR´jtv^;mot¥xPp ~Wi
_m6¢¥_Rk[^;msot¨_4k
A0x
»
A0y
»
A0z
s[¢v_ q]skﬁ]]soxR´jtv^;mot¥xPpk s_RknA_RÂmtv¡_4k
Aix
»
Aiy
»
Aiz
±wOxPq]sﬁ¢¥_Rk
t¥pFmr Pso¢¥_Rk[qj´µAxs]k[kq]s
∂Ti »]p]xPqkﬁxPpktvjr4sxPpk[j_4k[¶qj´_4pPmosrRkA{
∀i,∀k ∈ Vi,
[
(nikxAx + niky Ay + nikz Az)
~W
]
|aik
' 1
2
(
Piik
~Wi + P
k
ik
~Wk
)
,
R¡P_4
Piik = nikxA
i
x + niky A
i
y + nikz A
i
z, P
k
ik = nikxA
k
x + niky A
k
y + nikz A
k
z .
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z xp_4sppPm(¢¨~jt¨kosormt¨ko;mtvxp/_ p/m_4^Ek4»Op]xqk(qjmtv¢vtvkxpkUq]p koZ]r ^~j_m1ilA_*kqjm_ ¦ ^
xPqjmxPpK±%ºK_4k(tvpxPp]pFq]_Rk
~Wi
kxpFmb]]sox´jt¥^
r _Rk[qj´tvpknmopPmok
tn = n∆t
_ p"q]mtv¢¥t¨kpPmbq]pkZ]r ^koqjmo_¦ ^
xPqjmxPp"©Emsoxt¨k[Pk6j_-mo_ ^
k4±
¬Hpkq]]AxFkpPmuFq]_{p]xqk jt¨kxFknxPpk j_ ~Wn−1i
_m[j_ ~Wni
»F¢v_4k t¥pxp]plq]_4k ~Wn+1i
knxPpPm[]sx´jt¥^
r _RkNkq]s ¢¨(µPkn_
j_4k[­¯xpmtvxpkﬁ]_-µPkn_Uj_ Pi »∫
Ti
~ϕ ·
~Wn+1i − ~Wn−1i
∆t
=
∫
Ti
∑
s∈{x,y,z}
t∂s~ϕ A
i
s
~Wni −
∑
k∈Vi
∫
aik
~ϕ · P
i
ik
~Wni + P
k
ik
~Wnk
2
.
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ºK_
koZ]r ^_ pm_4^
k-_4knmU_´j]¢vtv t®mo_»Kt¥pkt »«ZuFq]_EPk-j_Em_4^
k-p]_
so_4uFq]tv_ sm-uFq]_
¢Wª tvpF¡_ skt¥xPp«ª q]p]_
^;most¨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4¢v_knil^
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(5di × 5di) »[xPq ¢v_µ]¢vxj Ł´Ł (jl) _4knmr4P¢v_©∫
Ti
~ϕij · ~ϕil ±]z xP^E^
_dp]p]xp r»F¢¥_RkxPpjt¥mtvxpkq]´
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uPq%ª qp]tv¡_4qEj_ mxPqjm_[tvpPm_4sn­²P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aik
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oZ]t¨kokpPm_Rk »Kp]xPqk(qjmtv¢¥t¨kxpkj_Rk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δρk = δρi
»
δpk = δpi
»
_m
δ~Vk = δ~Vi − 2(~nik · ~Vi)~nik W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uFq]tktvp]t 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δ~Vi
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Pkik
~Wnk |aik = P
i
ik

 1 0 00 I3 − 2~nikt~nik 0
0 0 1


︸ ︷︷ ︸
Hik
~Wni |aik
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‖ ~Wnk‖Tk = ‖ ~Wni ‖Ti , |‖ ~Wnk‖|Tk = |‖ ~Wni ‖|Ti , βki = βik, Vk = Vi, ρki = ρik.
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